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+ c(t)Φ(x) = 0, Φ(x) = |x|p−2x, p > 1,
where this equation is viewed as a perturbation of another equation of the same form.
Keywords: half-linear differential equation, Hartman-Wintner criterion, Riccati equation,
principal solution
MSC 2000 : 34C10
1. Introduction
Let us consider the half-linear second order differential equation
(1) (r(t)Φ(x′))′ + c(t)Φ(x) = 0,
where Φ(x) := |x|p−1 sgnx, p > 1, and r, c are continuous functions, r(t) > 0.
This equation is a generalization of the second order Sturm-Liouville linear equa-
tion (with p = 2 in (1))
(2) (r(t)x′)′ + c(t)x = 0
and solutions of these two equations behave in many aspects very similarly. In partic-
ular, the oscillation theory extends almost verbatim from linear to half-linear equa-
tions and (1) can be classified as oscillatory or nonoscillatory according to whether
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any nontrivial solution of (1) has or does not have infinitely many zeros on any
interval of the form [T,∞).
The classical Hartman-Wintner theorem for the nonoscillatory equation (2) (see,











to the convergence of the integral
∫
∞
r−1(t)w2(t) dt, where w is any solution of the
Riccati equation




associated with (2). As a consequence of this statement we have that (2) is oscillatory
provided
































Consequently, an interesting problem is what is the oscillatory nature of (2) when
the limit (3) exists and is finite. This problem was solved in [1], where it was shown





























Concerning the extension of these results to the half-linear case, the first step was
made in Mirzov’s paper [13] (see also [5], [14]), followed by [11], [12], where it was
shown that these results naturally extend to (1). In particular, it was shown that
(1) with r ≡ 1 is oscillatory provided
lim
t→∞
cp(t) = ∞ or −∞ < lim inf
t→∞


























then equation (1) is also oscillatory.
In the all above mentioned criteria, equation (1) is regarded as a perturbation of
the one-term differential equation
(r(t)Φ(x′))′ = 0.
In this paper we consider equation (1) as a perturbation of a general (nonoscillatory)
two-term equation
(5) (r(t)Φ(x′))′ + c̃(t)Φ(x) = 0,
i.e., (1) can be seen in the form
(r(t)Φ(x′)′ + c̃(t)Φ(x) + (c(t) − c̃(t))Φ(x) = 0.
We will investigate oscillatory properties of (1) depending on the asymptotic be-














where H(t) = r(t)h2(t)|h′(t)|p−2 and h(t) is the so-called principal solution of the
nonoscillatory equation (5). By easy computation one can find that L(t) is a gener-
alization of (3) and reduces to this function for p = 2, r(t) ≡ 1 and c̃ ≡ 0 (it is well
known that h = 1 in this case, see [5, p. 146]).
2. Preliminaries
Let x be a solution of (1). Then the function w = rΦ(x′/x) solves the Riccati
equation
(6) w′ + c(t) + (p − 1)r1−q(t)|w|q = 0,
where q is the conjugate number of p, i.e. 1/p + 1/q = 1, and it is well known (see
[2, p. 171]) that equation (1) is nonoscillatory if and only if there exists a solution of
(6) on some interval of the form [T,∞).
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Now we recall the half-linear version of the so-called Picone’s identity (see [10] or
[2, p. 172]) which, in a modified form needed in our paper, reads as follows. Let w
be a solution of (6). Then for any x ∈ C1
(7) r(t)|x′|p − c(t)|x|p = (w(t)|x|p)′ + pr1−q(t)P (rq−1(t)x′, Φ(x)w(t)),
where







with the equality P (u, v) = 0 if and only if v = Φ(u).
Concerning the function P , we will need its quadratic estimates which are given
in the next statement whose proof can be found e.g. in [6].
Lemma 1. The function P (u, v) defined in (8) satisfies the inequalities
P (u, v) > 12 |u|
2−p(v − Φ(u))2 for p 6 2,
P (u, v) 6 12 |u|
2−p(v − Φ(u))2 for p > 2, u 6= 0.
Furthermore, let T > 0 be arbitrary. There exists a constant K = K(T ) > 0 such
that
P (u, v) > K|u|2−p(v − Φ(u))2 for p > 2,
P (u, v) 6 K|u|2−p(v − Φ(u))2 for p 6 2
and every u, v ∈ R satisfying |v/Φ(u)| 6 T .
Now we derive the so-called modified Riccati equation. Let x ∈ C1 be any function
and w a solution of the Riccati equation (6). Then from Picone’s identity (7) we
have
(9) (w|x|p)′ = r|x′|p − c|x|p − pr1−q|x|pP (Φ−1(wx), w),
where wx = rΦ(x
′/x) and Φ−1 is the inverse function of Φ. At the same time, let h
be a (positive) solution of (5) and wh = rΦ(h
′/h) the solution of the Riccati equation
associated with (5). Then
(10) (wh|x|
p)′ = r|x′|p − c̃|x|p − pr1−q|x|pP (Φ−1(wx), wh).
Substituting x = h into (9), (10) and subtracting these equalities we get the equation
(in view of the identity P (Φ−1(wh), wh) = 0)
(11) ((w − wh)h
p)′ + (c − c̃)hp + pr1−qhpP (Φ−1(wh), w) = 0.
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Observe that if c̃(t) ≡ 0 and h(t) ≡ 1, then (11) reduces to (6) and this is the reason
why we call this equation the modified Riccati equation.
Further, let us recall the concept of the principal solution of the nonoscillatory
equation (1) as introduced by Mirzov in [15] and later independently by Elbert and
Kusano in [8]. If (1) is nonoscillatory, as mentioned at the beginning of this section,
there exists a solution w of the Riccati equation (6) which is defined on some interval
[T,∞). It can be shown that among all solutions of (6) there exists the minimal one
w̃ (sometimes called the distinguished solution), minimal in the sense that any other
solution of (6) satisfies the inequality w(t) > w̃(t) for large t. Then the principal
solution of (1) is given by the formula






where K is a real nonzero constant, i.e., the principal solution x̃ of (1) is a solution
which “produces” the minimal solution w̃ = rΦ(x̃′/x̃) of (6).
Finally, we present an important subsidiary statement, whose proof can be found




r1−q(t) dt = ∞. Suppose that equation (5) is nonoscillatory
and possesses a positive principal solution h such that there exists a finite limit
(12) lim
t→∞







Further suppose that 0 6
∫
∞





(c(s) − c̃(s))hp(s) ds < ∞.
Then for any solution w of the Riccati equation (6) corresponding to (1) we have
∫
∞





where wh = rΦ(h
′)/Φ(h) is the solution of the Riccati equation corresponding to (5).
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3. Hartman-Wintner type theorem
First we introduce the Hartman-Wintner type theorem, which is a completion of
results published in [16]. The idea of our proof is similar to that used in [16], but for
the sake of completeness and further references we include the proof.
Theorem 1. Suppose that equations (1) and (5) are nonoscillatory and let h be




H−1(t) dt = ∞, H(t) := r(t)h2(t)|h′(t)|p−2.
Let w be a solution of the Riccati equation (6) corresponding to (1) and wh =

















































P r o o f. (I ⇒ II): We can write (11) in the form
u′(t) + (c(t) − c̃(t))hp(t) + pr1−q(t)hp(t)P (Φ−1(wh), w) = 0.
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Integrating from T to t we get
u(t) = u(T ) −
∫ t
T
(c(s) − c̃(s))hp(s) ds − p
∫ t
T
r1−q(s)hp(s)P (Φ−1(wh), w) ds
and multiplying by H−1 and applying the same integration we obtain
∫ t
T























































Using the Cauchy-Schwartz inequality (suppressing the argument s in the integrated



































→ 0, t → ∞.

















r1−qhpP (Φ−1(wh), w) dt converges too and















































r1−q(t)hp(t)P (Φ−1(wh), w) dt < ∞.
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(II ⇒ III): This implication is trivial.
































The Cauchy-Schwartz inequality together with (19) and (20) implies that there exists























Suppose, by contradiction, that
∫
∞







































































































































, L(∞) := lim
t→∞
L(t).
Corollary 1. Assume that the assumptions of Theorem 1 hold. Let either
(22) L(∞) = ∞ or −∞ < lim inf
t→∞
L(t) < lim sup
t→∞
L(t).
Then (1) is oscillatory.
P r o o f. Let L(∞) = ∞ and suppose that (1) is nonoscillatory. Then (19)
holds and by Theorem 1 the integral (17) converges for every solution u of (11) and
hence the limit (18) exists as a finite number, which is a contradiction. The proof of
sufficiency of the second condition in (22) is similar. 
The next theorem is the main result of this paper. It can be seen as a kind of




r1−q(t) dt = ∞. Suppose that equation (5) is nonoscillatory
and let h be a principal solution of (5) such that
∫
∞
H−1(t) dt = ∞, lim
t→∞
r(t)h(t)Φ(h′(t)) := M > 0,
where the funcion H is defined by (15).
Further, let 0 6
∫
∞




(c(t) − c̃(t))hp(t) dt < ∞.














then (1) is oscillatory.
P r o o f. Suppose, by contradiction, that (1) is nonoscillatory. In view of







where w is a solution of the Riccati equation (6) corresponding to (1) and wh =
rΦ(h′)/Φ(h) the solution of the Riccati equation corresponding to (5). Let us inves-
tigate the behavior of the function P (u, v),




































































By virtue of (23) there exists T1 such that |w/wh − 1| < δ for t > T1 and hence for





































which, in terms of u = (w − wh)h















As (1) and (5) are nonoscillatory, the modified Riccati equation (11) holds and by
its integration and using the fact that
∫
∞
r1−qhpP (Φ−1(wh), w) < ∞ (which follows
from Lemma 2), we get
u(t) = u(T ) −
∫ t
T
(c(s) − c̃(s))hp(s) ds − p
∫ T
t
r1−q(s)hp(s)P (Φ−1(wh), w) ds,
hence













(c(s) − c̃(s))hp(s) ds.
Using (21), we get in view of the definition of L(∞) and (25)













(c(s) − c̃(s))hp(s) ds,








































































Using the definition of L(t) on the left-hand side and integrating by parts on the





























































































and by virtue of the inequality α − 12qα
2 6 12q
−1 for α = u
∫ s
H−1 we get

























































w/wh = 1, ε and also the last term of the above inequality are arbitrarily
small and we have a contradiction with our assumption. 
Corollary 2. Let r(t) ≡ 1, c̃ = γ̃/tp where γ̃ = ((p − 1)/p)p, i.e., (5) is the



















sp−1(s) ds < ∞.







T (c − γ̃/τ























then (1) is oscillatory.


























The statement follows from Theorem 2. 
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